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ABSTRACT 
Two-dimensional steady-state numerical simulations have been conducted for laminar Rayleigh-Bénard convection 
of Bingham fluids in rectangular enclosures to analyse the critical Rayleigh number 𝑅𝑎𝑐𝑟𝑖𝑡 for which convection 
ceases to influence the thermal transport and thermal conduction becomes the principal heat transfer mechanism. The 
influences of Bingham number 𝐵𝑛 on the critical Rayleigh number 𝑅𝑎𝑐𝑟𝑖𝑡 have been investigated for different 
values of aspect ratio (height: length) 𝐴𝑅 (ranging from 1/4 to 4) and nominal Prandtl number 𝑃𝑟 (ranging from 10 
to 500) for both constant wall temperature (CWT) and constant wall heat flux (CWHF) boundary conditions for the 
horizontal walls. It has been found that 𝑅𝑎𝑐𝑟𝑖𝑡 increases with increasing values of 𝐵𝑛 and 𝐴𝑅, regardless of the 
boundary condition. The values of 𝑅𝑎𝑐𝑟𝑖𝑡 have been found to be greater in the case of CWT boundary condition 
than in the CWHF configuration for 𝐴𝑅 ≤ 1, whereas an opposite trend is obtained for 𝐴𝑅 > 1 for Bingham 
fluids. Additionally, 𝑅𝑎𝑐𝑟𝑖𝑡 has been found be insensitive to the change of 𝑃𝑟 for Newtonian fluids (i.e. 𝐵𝑛 = 0), 
whereas 𝑅𝑎𝑐𝑟𝑖𝑡 increases with increasing 𝑃𝑟 for Bingham fluids irrespective of the boundary condition. A 
detailed scaling analysis has also been performed to elucidate the effects of 𝐵𝑛, 𝑃𝑟, 𝐴𝑅 on 𝑅𝑎𝑐𝑟𝑖𝑡 for Bingham 
fluids. The results of scaling analysis and numerical findings have been utilised to propose a new correlation for 
𝑅𝑎𝑐𝑟𝑖𝑡 for both Newtonian and Bingham fluids in the case of both CWT and CWHF boundary conditions. 
 
Keywords: Rayleigh-Bénard convection, yield stress fluids, constant wall temperature, constant wall heat flux, 
rectangular enclosure. 
 
NOMENCLATURE 
𝐴𝑅 [-] Aspect ratio  𝛿 [m] Velocity boundary layer thickness 
𝐵𝑛 [-] Bingham number  𝛿𝑡ℎ [m] Thermal boundary layer thickness 
𝑐𝑝 [J/kgK] Specific heat at constant pressure  𝜇  [Ns/m
2] Plastic viscosity 
CWT [-] Constant wall temperature  𝜇𝑦𝑖𝑒𝑙𝑑 [Ns/m
2] Yield viscosity 
CWHF [-] Constant wall heat flux  𝜈 [m2/s] Kinematic viscosity 
f1 [-] Function  𝜌 [kg/m
3] Density 
𝑔 [m/s2] Gravitational acceleration   ?̇? [1/s] Second invariant of strain rate tensor 
𝐺𝑟 [-] Grashof number  ?̇?𝑖𝑗  [1/s] Components of strain rate tensor 
ℎ [W/m2K] Heat transfer coefficient  ?̇? [1/s] Strain rate tensor 
𝐻 [m] Height of the enclosure  τ [N/m2] Second invariant of viscous stress tensor 
𝑘 [W/mK] Thermal conductivity  𝜏𝑖𝑗 [N/m
2] Components of viscous stress tensor 
𝑘1−3 [-] Correlation parameters  𝜏 [N/m2] Viscous stress tensor 
𝐿 [m] Length of the enclosure  𝜏𝑦 [N/m
2] Yield stress 
𝑁𝑢 [-] Nusselt number  Δ𝑇 [K] Difference between hot  
𝑃 [Pa] Pressure    and cold wall temperature 
𝑃𝑟 [-] Prandtl number  Subscripts  
𝑞 [W/m2] Heat flux  adv  Advective 
𝑄 [W] Heat transfer rate  𝐵𝑛 = 0  Newtonian fluid 
𝑅𝑎 [-] Rayleigh number  C  Cold wall 
𝑇 [K] Temperature  crit  Critical value 
𝑢𝑖  [m/s] i
th velocity component   diff  Diffusive 
𝜗 [m/s] Characteristic velocity  eff  Effective value 
𝑥𝑖 [m] Coordinate in i
th direction  H  Hot wall 
𝛼 [m2/s] Thermal diffusivity   ref  Reference value 
𝛽 [1/K] Coefficient of thermal expansion  wall  Wall value 
 
1. INTRODUCTION 
Natural convection of yield stress fluids in enclosed spaces plays a pivotal role in many practical applications 
such as food and chemical processing and nuclear waste cooling etc. Some magneto-rheological and electro-
rheological fluids exhibit yield stress behaviour (acts as a solid and does not flow until a threshold yield stress is 
surpassed), and it is possible to modify the yield stress by applying electrical or magnetic fields [1]. This may be 
useful for the purpose of controlling heat transport in enclosed spaces (i.e. storage of cryogenics, solar collectors, 
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and nuclear waste cooling). Therefore, several studies have recently been carried out on natural convection of 
yield stress fluids in enclosed spaces [2-14]. Different configurations for natural convection in enclosed spaces 
are possible depending on the boundary conditions of the enclosure walls. One of the most important natural 
convection configurations is the Rayleigh-Bénard convection where the horizontal walls are kept at different 
temperatures with the bottom wall having the higher temperature. It is well known that the buoyancy force 
overcomes viscous forces and flow initiates only when the Rayleigh number exceeds a critical value [2] in the 
Rayleigh-Bénard configuration. Recently, a number of studies focused on the effects of yield stress on the 
hydrodynamic stability of Rayleigh-Bénard natural convection [3-7]. However, the effects of yield stress on the 
critical Rayleigh number for laminar Rayleigh-Bénard convection of Bingham fluids in rectangular enclosures 
are yet to be analysed in detail in existing literature. Thus, the aim of this paper is to investigate the effects of 
yield stress, Prandtl number and aspect ratio on the critical Rayleigh number in the Rayleigh-Bénard 
configuration using a Bingham model. In the present study, the influences of Bingham number, aspect ratio and 
nominal Prandtl number on the critical Rayleigh number for the onset of Rayleigh-Bénard convection have been 
numerically analysed for different values of aspect ratio (𝐴𝑅= height: length ranging from 1/4 to 4) and nominal 
Prandtl number 𝑃𝑟 (ranging from 10 to 500) for both constant wall temperature (CWT) and constant wall heat 
flux (CWHF) boundary conditions for the horizontal walls. The rest of the article will be organised as follows. 
The necessary mathematical formulation and boundary conditions will be presented in the next section, which 
will be followed by a detailed scaling analysis. Following this, results will be presented and subsequently 
discussed. The main findings are summarised and conclusions are drawn in the final section. 
 
2. MATHEMATICAL BACKGROUND 
2.1. Constitutive equations and non-dimensional numbers  
The strain rate dependence of viscous stresses according to the Bingham model [15] is expressed as: 
?̇? = 0   for  𝜏 ≤ 𝜏𝑦   and  𝜏 = (𝜇 + 𝜏𝑦/?̇?)?̇?  for  𝜏 > 𝜏𝑦                                                                        (1)                                       
where the components of the rate of strain tensor ?̇? are given by: ?̇?𝑖𝑗 = (𝜕𝑢𝑖/𝜕𝑥𝑗 + 𝜕𝑢𝑗/𝜕𝑥𝑖),  𝜏 is the stress 
tensor, 𝜏𝑦 is the yield stress, 𝜇 is the plastic viscosity. In Eq. (1), 𝜏  and ?̇? are the second invariants of the stress 
and the rate of strain tensors respectively, which are expressed as: 
𝜏 = [
1
2
𝜏: 𝜏]
1/2
  and  ?̇? = [
1
2
?̇?: ?̇?]
1/2
                                                   (2)                                                                
Here, the bi-viscosity regularisation [16] is used to model the stress-shear rate characteristics for Bingham fluids:  
𝜏 = 𝜇𝑦𝑖𝑒𝑙𝑑?̇?  for  ?̇? ≤ 𝜏𝑦/𝜇𝑦𝑖𝑒𝑙𝑑  and  𝜏 = 𝜏𝑦(?̇?/?̇?) + 𝜇?̇? for ?̇? > 𝜏𝑦/𝜇𝑦𝑖𝑒𝑙𝑑                        (3) 
where  𝜇𝑦𝑖𝑒𝑙𝑑 is the yield viscosity. O’Donovan and Tanner [16] demonstrated that a value of 𝜇𝑦𝑖𝑒𝑙𝑑 ≥ 1000𝜇 
mimics the true Bingham model in a satisfactory manner. Thus, 𝜇𝑦𝑖𝑒𝑙𝑑/𝜇 = 10
4 is chosen here for the sake of 
ensuring high-fidelity of the computational results. The bi-viscosity regularisation (i.e. Eq. (3)) converts the 
“unyielded” region to a zone of high viscosity such that the numerical solutions predict negligible magnitudes of 
velocity in these regions. Thus, heat transfer in unyielded regions takes place principally due to conduction. 
 
In the present study, the nominal Rayleigh, Prandtl, and Bingham (i.e. ratio of yield stress to viscous stress) 
numbers are defined in the following manner for CWT and CWHF boundary conditions: 
𝑅𝑎𝐶𝑊𝑇 =
𝜌𝑔𝛽(𝑇𝐻−𝑇𝐶)𝐻
3
𝜇𝛼
= 𝐺𝑟𝐶𝑊𝑇𝑃𝑟 and 𝐵𝑛𝐶𝑊𝑇 =
𝜏𝑦𝐻
𝜇√𝑔𝛽(𝑇𝐻−𝑇𝐶)𝐻
                                                                    (4i) 
𝑅𝑎𝐶𝑊𝐻𝐹 =
𝜌𝑔𝛽𝑞𝐻4
𝑘𝜇𝛼
= 𝐺𝑟𝐶𝑊𝐻𝐹𝑃𝑟 and 𝐵𝑛𝐶𝑊𝐻𝐹 =
𝜏𝑦
𝜇√𝑔𝛽𝑞/𝑘
                                                                               (4ii) 
where 𝑃𝑟 = 𝜇𝑐𝑝/𝑘 is the nominal Prandtl number and 𝐺𝑟𝐶𝑊𝑇 = 𝜌
2𝑔𝛽(𝑇𝐻 − 𝑇𝐶)𝐻
3/𝜇2(𝐺𝑟𝐶𝑊𝐻𝐹 = 𝜌
2𝑔𝛽𝑞𝐻4/
𝑘𝜇2) is the nominal Grashof number for the CWT (CWHF) boundary condition. The local heat transfer coefficient 
ℎ can be expressed as ℎ = |−𝑘(𝜕𝑇/𝜕𝑥2)𝑤𝑓 × 1/(𝑇𝑤𝑎𝑙𝑙 − 𝑇𝑟𝑒𝑓)| where the subscript ‘wf’ refers to the condition 
of the fluid in contact with the wall. Here, 𝑇𝑤𝑎𝑙𝑙 is the wall temperature and 𝑇𝑟𝑒𝑓 is the appropriate reference 
temperature, which can be taken to be the temperature of the hot (cold) wall. Accordingly, the mean the heat 
transfer coefficient ℎ̅  and the mean Nusselt number 𝑁𝑢̅̅ ̅̅  can be evaluated as: 
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ℎ̅ = (1/𝐿) ∫ ℎ
𝐿
0
𝑑𝑥1and 𝑁𝑢̅̅ ̅̅ = ℎ̅𝐻/𝑘                                                                                                                   (5) 
2.3. Governing equations and boundary conditions 
The steady-state conservation equations for mass, momentum, and energy for incompressible Bingham fluids 
take the following form: 
𝜕𝑢𝑖
𝜕𝑥𝑖
= 0             (6) 
𝜌𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗
= −
𝜕𝑃
𝜕𝑥𝑖
+ 𝜌𝑔𝛽𝛿𝑖2(𝑇 − 𝑇𝑟𝑒𝑓) +
𝜕𝜏𝑖𝑗
𝜕𝑥𝑗
   (7) 
𝜌𝑢𝑗𝑐𝑝
𝜕𝑇
𝜕𝑥𝑗
=
𝜕
𝜕𝑥𝑗
(𝑘
𝜕𝑇
𝜕𝑥𝑗
) (8) 
where the cold wall temperature is taken to be the reference temperature for evaluating the buoyancy term 
𝜌𝑔𝛿𝑖2𝛽(𝑇 − 𝑇𝐶) in the momentum conservation equations following several previous studies [2,9-11,20] for the 
CWT boundary condition. By contrast, the temperature at the geometric centre of the domain is taken to be 𝑇𝑟𝑒𝑓 
in the case of CWHF boundary condition. The Kronecker’s delta 𝛿𝑖2 ensures that the buoyancy term remains 
operational only in the momentum equation for the vertical direction (i.e. 𝑥2-direction). The bi-viscosity model 
[16] (see Eq. (3)) is used to model the viscous effects of the Bingham fluids in Eq. (7).  The simulation domain 
is shown schematically in Fig. 1 where the two horizontal walls of a rectangular enclosure are subjected to either 
CWT or CWHF boundary condition, whereas the other boundaries are considered to be adiabatic in nature. The 
velocity components (i.e. 𝑢1 = 0 and 𝑢2 = 0) are identically zero on each boundary because of the no-slip 
condition and impenetrability of rigid boundaries. For the CWHF configuration, the heat fluxes for the cold and 
hot vertical walls are specified (i.e. −𝑘(𝜕𝑇/𝜕𝑥2)|𝑥2=0 = 𝑞 and −𝑘(𝜕𝑇/𝜕𝑥2)|𝑥2=𝐻 = 𝑞). In contrast, for the 
CWT configuration, the temperatures for the hot and cold vertical walls are specified (i.e.𝑇(𝑥2 = 0) = 𝑇𝐻 
and 𝑇(𝑥2 = 𝐻) = 𝑇𝐶). The temperature boundary conditions for the vertical insulated boundaries are given by: 
𝜕𝑇/𝜕𝑥1 = 0 at 𝑥1 = 0 and 𝑥1 = 𝐿.  
 
The steady-state conservation equations of mass, momentum, and energy equations are solved in the framework of 
the finite-volume methodology where a second-order central differencing scheme is used for the diffusive terms 
and a second-order up-wind scheme is used for the convective terms. The well-known SIMPLE (Semi-Implicit 
Method for Pressure-Linked Equations) algorithm [17] is used for the coupling of the pressure and velocity and 
the convergence criteria were set to 10-6 for all the relative (scaled) residuals for the iterative solution method. A 
detailed analysis has been conducted using a number of different non-uniform meshes in order to establish grid 
independent results for both Newtonian (i.e. 𝐵𝑛 = 0) and Bingham fluids. The simulation results have been 
benchmarked with respect to previous findings for Newtonian [18] and Bingham fluids [19]. Interested readers are 
referred to Ref. [10, 20] for detailed information about benchmarking and grid independence studies.  
 
3. SCALING ANALYSIS 
In the case of natural convection of Bingham fluids, it would have been more appropriate to use an effective 
viscosity 𝜇𝑒𝑓𝑓  in the definition of Rayleigh number. An effective Rayleigh number for CWT and CWHF 
boundary conditions can be defined in the following manner:  
𝑅𝑎𝐶𝑊𝑇,𝑒𝑓𝑓 =
𝜌2𝑐𝑝𝑔𝛽Δ𝑇𝐻
3
𝜇𝑒𝑓𝑓𝑘
 and 𝑅𝑎𝐶𝑊𝐻𝐹,𝑒𝑓𝑓 =
𝜌2𝑐𝑝𝑔𝛽𝑞𝐻
3
𝜇𝑒𝑓𝑓𝑘2
  (9) 
where the effective viscosity can be estimated as: 
𝜇𝑒𝑓𝑓 = 𝜏𝑦/?̇? + 𝜇   (10) 
which can be scaled in the following manner in the boundary layer on the horizontal walls: 
𝜇𝑒𝑓𝑓  ~ 𝜏𝑦𝛿/𝑢1 + 𝜇   (11) 
In order to estimate the hydrodynamic boundary layer thickness δ, the equality of the order of magnitudes of 
inertial and viscous forces in the horizontal direction (i.e. 𝑥1-direction) is considered:  
𝜌𝑢1
2/𝐿~ 𝜏/𝛿   (12) 
where 𝑢1 is a characteristic velocity scale. For Bingham fluids the shear stress 𝜏 can be estimated as: 𝜏 ~ 𝜏𝑦 +
𝜇𝑢1/𝛿, which upon substitution in Eq. (12) provides: 
𝜌𝑢1
2/𝐿~ ( 𝜏𝑦 + 𝜇𝑢1/𝛿)1/𝛿   (13) 
Based on Eq. (13) the hydrodynamic boundary layer thickness can be estimated as: 
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𝛿 ~ 
1
2
𝜏𝑦𝐿
𝜌𝑢12
+
1
2
𝐿
𝜌𝑢12
√𝜏𝑦2 + 4𝜌
𝑢13
𝐿
𝜇   (14) 
For natural convection, the flow is induced by the buoyancy force and thus equating the order of magnitudes of 
the inertial and buoyancy forces in the boundary layer adjacent to the vertical walls (𝑢2
2/𝐻~𝑔𝛽∆𝑇) provides an 
expression for the characteristic velocity scale in the vertical direction as: 𝑢2~√𝑔𝛽∆𝑇𝐻 (𝑢2~√𝑔𝛽𝑞𝛿𝑡ℎ𝐻/𝑘) for 
the CWT (CWHF) boundary condition. Upon using continuity that leads to a scaling estimate for the velocity 
scale in the boundary layer adjacent to the horizontal wall: 
𝑢1 ~ 𝑢2/𝐴𝑅~ √𝑔𝛽∆𝑇𝐻/𝐴𝑅 for  CWT (15i) 
𝑢1 ~ 𝑢2/𝐴𝑅 ~ √𝑔𝛽𝑞𝛿𝑡ℎ𝐻/𝑘/𝐴𝑅 for  CWHF (15ii) 
Using Eqs. (15i) and (15ii) in Eq. (14) and the definitions of Bn and Pr one obtains the following estimates of 
the hydrodynamic boundary layer thickness 𝛿: 
𝛿/𝐻~√𝑃𝑟/𝑅𝑎 [0.5𝐵𝑛𝐴𝑅 + 0.5√(𝐵𝑛𝐴𝑅)2 + 4(𝑅𝑎/𝑃𝑟)1/2] for  CWT (16i) 
√𝑅𝑎/𝑃𝑟𝑓1
−1/2(𝛿/𝐻)5/2 ~ (𝐵𝑛𝐴𝑅)𝑓1
1/2(𝛿/𝐻)1/2 + 1 for  CWHF (16ii) 
where 𝑓1(= 𝛿/𝛿𝑡ℎ) is a function of 𝑅𝑎, 𝑃𝑟, 𝐵𝑛 and 𝐴𝑅, which is expected to increase with increasing nominal 
Prandtl number. Using Eqs. (15i), (15ii) and Eqs. (16i) and (16ii) in Eq. (14), 𝜇𝑒𝑓𝑓 can be estimated based on Eq. 
(9), which provides an estimation of the effective Rayleigh number as: 
𝑅𝑎𝐶𝑊𝑇,𝑒𝑓𝑓 = 𝑅𝑎 {1 + 0.5𝐵𝑛𝐴𝑅(𝑃𝑟/𝑅𝑎)
1/2 [𝐵𝑛𝐴𝑅 + √(𝐵𝑛𝐴𝑅)2 + 4(𝑅𝑎/𝑃𝑟)1/2]}
−1
 (17i) 
𝑅𝑎𝐶𝑊𝐻𝐹,𝑒𝑓𝑓 = 𝑅𝑎{1 + (𝐵𝑛𝐴𝑅)𝑓1
1/2(𝛿/𝐻)1/2}
−1
 (17ii) 
This scaling estimates given by Eqs. (9-17) provide useful insight into the behaviour of 𝑅𝑎𝑒𝑓𝑓 in response to the 
variations of 𝐵𝑛, 𝑃𝑟 and 𝐴𝑅 in Rayleigh-Bénard convection of Bingham fluids in rectangular enclosures. 
  
4. RESULTS AND DISCUSSION 
It is worth noting that Bingham fluid flow is unconditionally stable under the quiescent flow initial condition [3], and 
thus the steady-state solutions for Newtonian (i.e. 𝐵𝑛 = 0) fluids are used as the initial conditions for Bingham fluid 
simulations in Rayleigh-Bénard convection configuration. Additionally, the values of 𝑅𝑎𝑐𝑟𝑖𝑡 are evaluated by 
reducing 𝑅𝑎 in steps of 1.0 from an established flow condition until 𝑁𝑢̅̅ ̅̅  reduces to 1.00 (i.e. indicating thermal 
conduction-driven transport) for a given set of values of 𝐴𝑅, 𝑃𝑟 and 𝐵𝑛 (see in Fig.2). The variation of 𝑁𝑢̅̅ ̅̅  with 𝑅𝑎 
is shown in Fig.2 for both CWT and CWHF boundary conditions at 𝑃𝑟 = 100 and 𝐴𝑅 = 0.5 for both Newtonian 
(i.e. 𝐵𝑛 = 0) and Bingham (i.e. 𝐵𝑛 = 0.02) fluids. In the case of Newtonian fluids (i.e. 𝐵𝑛 = 0), the instability is 
known to be super-critical since 𝑁𝑢̅̅ ̅̅  decreases gradually with decreasing 𝑅𝑎 and eventually settles to 1.00 indicating 
a purely conduction-driven transport. For 𝑅𝑎~𝑅𝑎𝑐𝑟𝑖𝑡, it is possible to equate the order of magnitudes of the advective 
and diffusive terms of the energy transport equation to obtain: 𝑞 𝐻⁄ ~𝜌𝑐𝑝𝑢2∆𝑇/𝐻, which leads to ℎ =
𝑞 ∆𝑇⁄ ~𝑘𝑢2/𝛼 or 𝑁𝑢 = ℎ𝐻 𝑘⁄ ~√𝑔𝛽∆𝑇𝐻3 𝛼⁄ . Thus, the mean Nusselt number 𝑁𝑢̅̅ ̅̅  for Newtonian fluids is 
expected to scale as: 𝑁𝑢̅̅ ̅̅ ~√𝑔𝛽∆𝑇𝐻3 𝛼⁄ ~√𝑅𝑎𝑃𝑟  (𝑁𝑢̅̅ ̅̅ ~√𝑔𝛽∆𝑇𝐻3 𝛼⁄ ~√𝑅𝑎𝑃𝑟 × √𝛿𝑡ℎ/𝐻) in the case of CWT 
(CWHF) boundary condition for 𝑅𝑎~𝑅𝑎𝑐𝑟𝑖𝑡. It can be seen from Fig. 2 that 𝑁𝑢̅̅ ̅̅  varies as 𝑅𝑎
0.5(𝑅𝑎0.35) for 
𝑅𝑎~𝑅𝑎𝑐𝑟𝑖𝑡 (represented by green lines in Fig. 2) in the case of CWT (CWHF) boundary conditions. In the case 
of 𝑅𝑎 > 𝑅𝑎𝑐𝑟𝑖𝑡 but for 𝑅𝑎 ≈ 𝑅𝑎𝑐𝑟𝑖𝑡 one can further simplify  𝑁𝑢̅̅ ̅̅ ~√𝑅𝑎𝑃𝑟 using 𝑅𝑎 = 𝑅𝑎𝑐𝑟𝑖𝑡 + 𝑥 (where 𝑥 =
(𝑅𝑎 − 𝑅𝑎𝑐𝑟𝑖𝑡)  ≪ 𝑅𝑎𝑐𝑟𝑖𝑡), which upon series expansion yields: 𝑁𝑢̅̅ ̅̅  ~0.5[ 𝑅𝑎𝑐𝑟𝑖𝑡
0.5
+ 𝑅𝑎 /𝑅𝑎𝑐𝑟𝑖𝑡
0.5]√𝑃𝑟. It can 
be seen from Fig. 2 that 𝑁𝑢̅̅ ̅̅   in Newtonian fluids indeed shows a linear variation (shown by black solid lines in 
Fig. 2) with 𝑅𝑎 close to the critical condition for CWT boundary condition. A similar linear variation is observed for 
CWHF boundary condition, which can be explained by a series expansion as done for CWT boundary condition.  For 
an established boundary layer transport regime, substituting 𝐵𝑛 = 0 in Eq. (16i), and using 𝑁𝑢̅̅ ̅̅ ~𝑞𝐻/∆𝑇𝑘~𝐻/𝛿𝑡ℎ 
lead to: 𝑁𝑢̅̅ ̅̅ ~(𝑅𝑎 𝑃𝑟⁄ )0.25 𝑓1 for CWT boundary condition, which is consistent with the behaviour shown by the 
dashed line, which is given by the mean Nusselt number correlation (see Table 1 for its mathematical expression) 
proposed by Yigit et al. [2,10]. For CWHF boundary condition, 𝛿𝑡ℎ/𝐻 is expected to be of the order of unity (i.e. 
𝛿𝑡ℎ 𝐻⁄ ~1) for 𝑅𝑎 ≈ 𝑅𝑎𝑐𝑟𝑖𝑡, and thus the mean Nusselt number for Newtonian fluids, shows a linear variation with 
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𝑅𝑎 before showing a power-law in terms of  𝑅𝑎 with a positive exponent smaller than unity (i.e. 𝑁𝑢̅̅ ̅̅ ~𝑅𝑎0.35), as it 
can be seen in Fig. 2. It is worth noting that the mean Nusselt number scales as 𝑁𝑢̅̅ ̅̅ ~√𝑅𝑎𝑃𝑟 × √𝛿𝑡ℎ/𝐻~𝑅𝑎
0.35 
instead of 𝑁𝑢̅̅ ̅̅ ~𝑅𝑎0.5 for 𝑅𝑎~𝑅𝑎𝑐𝑟𝑖𝑡 in the CWHF case since 𝛿𝑡ℎ/𝐻 is also dependent on 𝑅𝑎. Putting 𝐵𝑛 = 0 in 
Eq. (16ii) reveals that 𝐻 𝛿⁄ ~(𝑅𝑎 𝑃𝑟⁄ )0.2/𝑓1
0.2 for the boundary layer transport for well-established Rayleigh-Bénard 
convection (i.e.𝑅𝑎 ≫ 𝑅𝑎𝑐𝑟𝑖𝑡), which leads to 𝑁𝑢̅̅ ̅̅ ~ 𝐻 𝛿𝑡ℎ⁄ ~(𝑅𝑎 𝑃𝑟⁄ )
0.2𝑓1
0.8, which is consistent with the 
correlation proposed by Yigit and Chakraborty [10], as summarised in Table 1. 
In contrast to the behaviour of Newtonian fluids, the variation of 𝑁𝑢̅̅ ̅̅  with 𝑅𝑎 for a representative Bingham fluid case 
exhibits a rapid drop of 𝑁𝑢̅̅ ̅̅  to 1.0 at 𝑅𝑎 =  𝑅𝑎𝑐𝑟𝑖𝑡 in Fig. 2 after a gradual decrease with decreasing 𝑅𝑎, regardless 
of the boundary condition. At  𝑁𝑢̅̅ ̅̅ = 1.0 , the fluid flow ceases to influence the thermal transport and the isotherms 
become parallel to the horizontal walls indicating conduction-dominated thermal transport. Here, the instability 
is found to be sub-critical for Bingham fluids, since thermal convection ceases abruptly once Rayleigh number 
becomes smaller than a threshold critical value (i.e. 𝑅𝑎 ≈ 𝑅𝑎𝑐𝑟𝑖𝑡).  
 
4.1. Effects of Bingham number   
The variations of  𝑅𝑎𝑐𝑟𝑖𝑡 with 𝐵𝑛 are shown in Fig. 3 for different values of  𝑃𝑟 and 𝐴𝑅 for both CWT and CWHF 
boundary conditions. It can be seen from Fig. 3 that 𝑅𝑎𝑐𝑟𝑖𝑡 increases with increasing 𝐵𝑛, regardless of the 
boundary condition. The viscous flow resistance in comparison to buoyancy force strengthens with increasing 
𝐵𝑛 and as a result higher values of 𝑅𝑎𝑐𝑟𝑖𝑡 are needed to overcome the viscous forces to initiate flow within the 
enclosure. This statement can be supported by scaling estimations given by Eqs. (17i) and (17ii), which indicate 
that 𝑅𝑎𝐶𝑊𝑇,𝑒𝑓𝑓 and 𝑅𝑎𝐶𝑊𝐻𝐹,𝑒𝑓𝑓 decrease with increasing 𝐵𝑛 as a result of the weakening of advective transport. 
Thus, higher values of 𝑅𝑎 in the Bingham fluid cases are needed than the corresponding Newtonian fluid cases 
in order to have values of 𝑅𝑎𝑒𝑓𝑓 which allow for convection within the enclosure. Furthermore, the values of 
𝑅𝑎𝑐𝑟𝑖𝑡 for Bingham fluids in the case of CWT boundary condition has been found to be greater than those in the 
CWHF configuration for 𝐴𝑅 ≤ 1, whereas an opposite trend has been obtained for 𝐴𝑅 > 1. In order to 
understand this behaviour it is worth investigating the energy flux integral at the vertical mid-plane for well-
established convective transport (i.e. 𝑅𝑎 ≫ 𝑅𝑎𝑐𝑟𝑖𝑡) [2,10]: 
𝑄 = 𝑄𝑎𝑑𝑣 + 𝑄𝑑𝑖𝑓𝑓 = ∫ 𝜌𝑐𝑝𝑢1∆𝑇𝑑𝑥2
𝐻
0
− ∫ 𝑘(𝜕𝑇/𝜕𝑥1)𝑑𝑥2
𝐻
0
                (18) 
where: 
𝑄𝑎𝑑𝑣 = ∫ 𝜌𝑐𝑝𝑢1∆𝑇𝑑𝑥2
𝐻
0
≈ ∫ 𝜌𝑐𝑝𝑢1∆𝑇𝑑𝑥2
𝛿
0
              (19i) 
𝑄𝑑𝑖𝑓𝑓 = − ∫ 𝑘(𝜕𝑇/𝜕𝑥1)𝑑𝑥2
𝐻
0
             (19ii) 
Substituting Eqs. (15i,ii) and (16i,ii) in Eqs. (19i) and (19ii) respectively yields the following scaling estimates 
for the maximum magnitudes of 𝑄𝑎𝑑𝑣 and 𝑄𝑑𝑖𝑓𝑓 for both CWT and CWHF cases: 
𝑄𝑎𝑑𝑣  ~ 𝜌𝑐𝑝𝑢1∆𝑇𝛿 ~ 0.5(𝑘∆𝑇)𝑃𝑟 [𝐵𝑛 + √𝐵𝑛2 + 4(𝑅𝑎/𝑃𝑟)1/2/𝐴𝑅2] for  CWT               (20i) 
𝑄𝑑𝑖𝑓𝑓~ − ∫ 𝑘(𝜕𝑇/𝜕𝑥1)𝑑𝑥2
𝐻
0
~ (𝑘∆𝑇)𝐴𝑅 for  CWT             (20ii) 
𝑄𝑎𝑑𝑣  ~ 𝜌𝑐𝑝𝑢1𝑞𝛿𝑡ℎ𝛿/𝑘 ~ 𝑞𝐻√𝑅𝑎𝑃𝑟(𝛿/𝐻)
5/2𝐴𝑅−1𝑓1
−3/2
 for  CWHF               (21i) 
𝑄𝑑𝑖𝑓𝑓~ − ∫ 𝑘(𝜕𝑇/𝜕𝑥1)𝑑𝑥2
𝐻
0
~ 𝑞𝐻(𝛿/𝐻)𝐴𝑅𝑓1
−1
 for  CWHF             (21ii) 
It is also worth noting that above scaling estimations are only valid when convection is well-established but useful 
insights can still be extracted regarding the relative influences of advection and diffusion on overall thermal 
transport. It is not possible to express Eq. (16ii) analytically, but useful limiting conditions can be inferred from 
the above scaling relations. For large values of (𝐵𝑛 𝐴𝑅), Eq. (16ii) becomes: 𝛿/𝐻 ~ (𝐵𝑛𝐴𝑅)1/2(𝑃𝑟/
𝑅𝑎)1/4𝑓1
1/2
. This provides an estimation of the maximum magnitude of 𝑄𝑑𝑖𝑓𝑓 in the case of CWHF boundary 
condition as 𝑄𝑑𝑖𝑓𝑓~ 𝑞𝐻(𝑃𝑟/𝑅𝑎)
1/4𝐵𝑛1/2𝐴𝑅3/2𝑓1
−1
. This scaling estimation shows that 𝑄𝑑𝑖𝑓𝑓 strengthens with 
increasing 𝐴𝑅 and 𝐵𝑛 when 𝑞, 𝑅𝑎 and 𝑃𝑟 are held constant for the CWHF configuration. Similarly, 𝑄𝑑𝑖𝑓𝑓 
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strengthens with increasing 𝐴𝑅 (see Eq. (20ii)) in the case of CWT boundary condition. By contrast, the 
contribution of 𝑄𝑎𝑑𝑣 strengthens with decreasing 𝐴𝑅 for both boundary conditions. A comparison between 
𝑄𝑑𝑖𝑓𝑓~ 𝑞𝐻(𝑃𝑟/𝑅𝑎)
1/4𝐵𝑛1/2𝐴𝑅3/2𝑓1
−1
 (for CWHF)  and 𝑄𝑑𝑖𝑓𝑓~ (𝑘∆𝑇)𝐴𝑅 reveals that the augmentation of 
diffusive transport with increasing 𝐵𝑛 is stronger in the CWHF boundary condition than in the CWT 
configuration and this trend strengthens  (weakens) with increasing 𝐴𝑅 for 𝐴𝑅 > 1 (𝐴𝑅 < 1), as can be 
substantiated from Fig. 3. The above scaling relations also suggest that a greater (smaller) value of 𝑅𝑎𝑐𝑟𝑖𝑡 is 
needed to overcome the diffusive transport for the CWT configuration than in the case of CWHF boundary 
condition for 𝐴𝑅 < 1 (𝐴𝑅 > 1). 
 
4.2. Effects of Prandtl number 
The effects of 𝑃𝑟 on 𝑅𝑎𝑐𝑟𝑖𝑡 for both CWT and CWHF boundary conditions are shown in Fig. 4 at different values 
of 𝐵𝑛 and 𝐴𝑅 for both Newtonian (i.e. 𝐵𝑛 = 0) and Bingham fluid cases. It is evident from Fig. 4 that 𝑅𝑎𝑐𝑟𝑖𝑡  has 
been found be independent to the variation of 𝑃𝑟 for Newtonian fluids (i.e. Bn = 0), whereas 𝑅𝑎𝑐𝑟𝑖𝑡  increases 
with increasing 𝑃𝑟 for Bingham fluids for both CWT and CWHF boundary conditions. Thermal boundary layer 
is much thinner than the hydro-dynamic boundary layer thickness for 𝑃𝑟 ≫ 1 for Newtonian fluids (i.e. 𝐵𝑛 = 0) 
and thus a change in 𝑃𝑟 modifies the relative balance between the buoyancy and viscous forces, and does not 
affect the thermal transport within the thermal boundary layer [21]. Therefore, 𝑅𝑎𝑐𝑟𝑖𝑡 remains unaffected by 
Prandtl number 𝑃𝑟 for Newtonian fluids. On the other hand, for Bingham fluids, the scaling predictions for 𝑅𝑎𝑒𝑓𝑓 
given by Eqs. (17i) and (17ii) (note that 𝑓1 is expected to increase with increasing 𝑃𝑟) indicate that both 𝑅𝑎𝐶𝑊𝑇,𝑒𝑓𝑓 
and 𝑅𝑎𝐶𝑊𝐻𝐹,𝑒𝑓𝑓 decrease with increasing 𝑃𝑟 for a given set of values of 𝐵𝑛 and 𝐴𝑅. This is an evidence of that 
the relative strength of buoyancy force in comparison to viscous force weakens with increasing 𝑃𝑟. Accordingly, 
this weakening of buoyancy force with respect to viscous force leads to an increase in 𝑅𝑎𝑐𝑟𝑖𝑡 with increasing 𝑃𝑟 
for Bingham fluids for both CWT and CWHF boundary conditions. 
 
4.3. Effects of Aspect ratio 
The influence of 𝐴𝑅 on 𝑅𝑎𝑐𝑟𝑖𝑡 has been shown in Fig. 5 for both Newtonian (i.e. 𝐵𝑛 = 0) and Bingham fluid cases 
for both CWT and CWHF configurations. It can be seen from Fig. 5 that 𝑅𝑎𝑐𝑟𝑖𝑡 increases with increasing 𝐴𝑅 for 
both Newtonian (i.e. 𝐵𝑛 = 0) and Bingham fluids, regardless of the boundary condition. This can be seen as an 
indicator of weakening of advective transport with increasing 𝐴𝑅. This can be explained by the scaling 
estimations of 𝑄𝑎𝑑𝑣 and 𝑄𝑑𝑖𝑓𝑓 given by Eqs. (20i,ii) and Eqs. (21i,ii). Equations (20i,ii) and Eqs. (21i,ii) indicate 
that 𝑄𝑎𝑑𝑣 (𝑄𝑑𝑖𝑓𝑓) weakens (strengthens) with increasing 𝐴𝑅 for both Newtonian and Bingham fluids in the case 
of both CWT and CWHF boundary conditions. For this reason, the value of 𝑅𝑎𝑐𝑟𝑖𝑡 increases with increasing 𝐴𝑅 
for both Newtonian and Bingham fluids (see Fig. 5), regardless of the boundary condition. The observation for 
Bingham fluids in Fig. 5 can further be explained by the scaling estimation of  𝑅𝑎𝑒𝑓𝑓 (i.e. Eq. 17). It is expected 
from Eqs. (17i) and (17ii) that 𝑅𝑎𝐶𝑊𝑇,𝑒𝑓𝑓 and 𝑅𝑎𝐶𝑊𝐻𝐹,𝑒𝑓𝑓 decrease with increasing 𝐴𝑅, which indicates that the 
advective transport weakens with increasing 𝐴𝑅. Therefore, the convection starts to play a significant role in the 
overall thermal transport at a greater value of 𝑅𝑎𝑐𝑟𝑖𝑡 for higher 𝐴𝑅 for both CWT and CWHF configurations. 
 
4.4. Parameterisation of the critical Rayleigh Number 
The value of effective Rayleigh number for the critical Rayleigh number 𝑅𝑎𝑐𝑟𝑖𝑡 can be scaled using Eq. (17i) as: 
𝑅𝑎𝑒𝑓𝑓~
𝑅𝑎𝑐𝑟𝑖𝑡 
{1 + 0.5𝐵𝑛𝐴𝑅(𝑃𝑟/𝑅𝑎𝑐𝑟𝑖𝑡)1/2 [𝐵𝑛𝐴𝑅 + √(𝐵𝑛𝐴𝑅)2 + 4(𝑅𝑎𝑐𝑟𝑖𝑡/𝑃𝑟)1/2]}
  (22) 
It is worth noting that Eq. (17ii) indicates that an exact analytical solution does not exist for CWHF configuration. 
However, the qualitative trend is expected to be the same for both CWT and CWHF boundary conditions, thus, 
Eq. (22) can be used 𝑅𝑎𝑐𝑟𝑖𝑡 scaling for both CWT and CWHF boundary conditions. Equation (22) can be 
rewritten in the following manner: 
[(𝑅𝑎𝑐𝑟𝑖𝑡/𝑅𝑎𝑒𝑓𝑓) − 1]~ {0.5𝐵𝑛𝐴𝑅(𝑃𝑟/𝑅𝑎𝑐𝑟𝑖𝑡)
1/2 [𝐵𝑛𝐴𝑅 + √(𝐵𝑛𝐴𝑅)2 + 4(𝑅𝑎𝑐𝑟𝑖𝑡/𝑃𝑟)1/2]}  (23) 
Obtaining an expression for [(𝑅𝑎𝑐𝑟𝑖𝑡 𝑅𝑎𝑒𝑓𝑓⁄ ) − 1](𝑅𝑎𝑐𝑟𝑖𝑡 𝑃𝑟⁄ )
0.5(2 𝐵𝑛𝐴𝑅⁄ ) from Eq. (23) and squaring it leads 
to:  
 
[
(𝑅𝑎𝑐𝑟𝑖𝑡 − 𝑅𝑎𝑒𝑓𝑓)
(𝑅𝑎𝑒𝑓𝑓)
1/2
(𝑅𝑎𝑐𝑟𝑖𝑡)1/4
] ~𝐵𝑛𝐴𝑅𝑃𝑟1/4  (24) 
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Eq. (24) can be recast in the following manner: 
 
[
(𝑅𝑎𝑐𝑟𝑖𝑡 − (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0)
((𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0)1/2(𝑅𝑎𝑐𝑟𝑖𝑡)1/4
] ~𝐵𝑛𝐴𝑅𝑃𝑟1/4
𝑅𝑎𝑒𝑓𝑓
1/2
(𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
1/2
+
𝑅𝑎𝑒𝑓𝑓 − (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
(𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
1/2(𝑅𝑎𝑐𝑟𝑖𝑡)1/4
  (25) 
In Eq. (25), (𝑅𝑎𝑒𝑓𝑓 − (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0)/(𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
1/2(𝑅𝑎𝑐𝑟𝑖𝑡)
1/4 can be neglected because, the numerator (i.e. 
𝑅𝑎𝑒𝑓𝑓 − (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0) is expected to be much smaller in comparison to the denominator (i.e. 
(𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
1/2(𝑅𝑎𝑐𝑟𝑖𝑡)
1/4) of this term. Thus, Eq. (25) can be simplified in the following manner: 
 
[
(𝑅𝑎𝑐𝑟𝑖𝑡 − (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0)
((𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0)1/2(𝑅𝑎𝑐𝑟𝑖𝑡)1/4
] ~𝐵𝑛𝐴𝑅𝑃𝑟1/4
𝑅𝑎𝑒𝑓𝑓
1/2
(𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
1/2
~𝐵𝑛𝑎𝐴𝑅𝑏𝑃𝑟𝑐 
 (26) 
The quantity 𝑅𝑎𝑒𝑓𝑓
1/2 (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
1/2⁄  is expected to be dependent on 𝐵𝑛, 𝐴𝑅 and 𝑃𝑟 and thus the right hand 
side of Eq. (26) can be taken to scale with 𝐵𝑛𝑎𝐴𝑅𝑏𝑃𝑟𝑐 . Here, (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0 correlation proposed for both CWT 
and CWHF configurations as (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0 = 𝑘1𝐴𝑅
𝑘2 + 𝑘3 where 𝑘1 = 718, 𝑘2 = 3.83, 𝑘3 = 1874 for CWT 
boundary condition, and 𝑘1 = 940, 𝑘2 = 3.6, 𝑘3 = 740 for CWHF configuration. Finally, correlations have been 
proposed for the coefficients of 𝑎, 𝑏 and 𝑐 in Eq. (26). Figure 6 shows that the variation of 𝑅 = (𝑅𝑎𝑐𝑟𝑖𝑡 −
(𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0) /(𝑅𝑎𝑐𝑟𝑖𝑡
0.25(𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
0.5) with 𝐵 = 𝐵𝑛𝑎𝑃𝑟𝑏𝐴𝑅𝑐 can be approximated  by 𝑅 = 20.35𝐵0.85 
for the range of 𝐵𝑛, 𝑃𝑟 and 𝐴𝑅 considered in this analysis. It can be seen from Fig. 6 that a satisfactory level of 
collapse has been obtained for all 𝐵𝑛, 𝑃𝑟 and 𝐴𝑅 values considered here for both CWT and CWHF boundary 
conditions. Moreover, the collapse of data in Fig. 6 suggests that numerical/experimental data for 𝑅𝑎𝑐𝑟𝑖𝑡 in the 
case of Bingham fluids for a combination of 𝐵𝑛, 𝐴𝑅 and 𝑃𝑟 in either of the boundary conditions will be sufficient 
to predict 𝑅𝑎𝑐𝑟𝑖𝑡 (i.e. approximately 7% avarage uncertainty) for the range 𝐵𝑛, 𝐴𝑅 and 𝑃𝑟 values and boundary 
conditions considered in this analysis. 
 
5. CONCLUSIONS 
The influences of Bingham number 𝐵𝑛, aspect ratio 𝐴𝑅 and nominal Prandtl number 𝑃𝑟 on the critical Rayleigh 
number 𝑅𝑎𝑐𝑟𝑖𝑡 for the onset of Rayleigh-Bénard convection have been numerically analysed. It has been found 
that 𝑅𝑎𝑐𝑟𝑖𝑡  increases with increasing values of 𝐵𝑛 and 𝐴𝑅 for both CWT and CWHF boundary conditions in case 
of both Newtonian (i.e. Bn = 0) and Bingham fluids. Additionally, 𝑅𝑎𝑐𝑟𝑖𝑡  has been found be insensitive to the 
change of 𝑃𝑟 for Newtonian fluids (i.e. Bn = 0), whereas 𝑅𝑎𝑐𝑟𝑖𝑡  increases with increasing 𝑃𝑟 for Bingham fluids. 
It has also been observed that the values of 𝑅𝑎𝑐𝑟𝑖𝑡 in the case of CWT boundary condition are greater than that 
in the CWHF configuration for 𝐴𝑅 ≤ 1. However, an opposite trend has been observed for 𝐴𝑅 > 1. Finally, 
based on a detailed scaling analysis, a correlation for 𝑅𝑎𝑐𝑟𝑖𝑡 has been purposed for Rayleigh-Bénard convection 
of Bingham fluids for both CWT and CWHF boundary conditions, which allows for a collapse of the critical 
Rayleigh number values for Bingham fluids in terms of a combination of 𝐵𝑛, 𝐴𝑅 and 𝑃𝑟. 
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Table 1: Summary of the mean Nusselt number 𝑁𝑢̅̅ ̅̅  correlations for Rayleigh-Bénard convection of Newtonian 
(i.e.𝐵𝑛 = 0) fluids in rectangular enclosures. 
𝑵𝒖̅̅ ̅̅ = [{𝒎𝟎/[𝟏 + 𝒆𝒙𝒑{(𝑨𝑹 − 𝒙𝟎)/𝒏𝟎}]} − 𝒚𝟎]|𝑨𝑹 − 𝟏|
𝟎.𝟎𝟏 + 𝑵𝒖̅̅ ̅̅ (𝑨𝑹 = 𝟏) 
CWT 
𝑁𝑢̅̅ ̅̅ (𝐴𝑅 = 1) = 0.178𝑅𝑎0.269[𝑃𝑟/(1 + 𝑃𝑟)]0.02 
𝑥0 = 0.55 + 29.25𝑒𝑥𝑝[−0.5{(𝑙𝑛𝑅𝑎 − 11.12)/0.306}
2] 
𝑦0 = 0.455 + 4097/[1 + 𝑒𝑥𝑝{(46754 − 𝑅𝑎)/4258}] 
𝑚0 = 0.765 + 4097/[1 + 𝑒𝑥𝑝{(46743 − 𝑅𝑎)/4270}] 
𝑛0 = 0.022 + 3.31𝑒𝑥𝑝[−0.5{(𝑙𝑛𝑅𝑎 − 11.10)/0.301}
2] 
CWHF 
𝑁𝑢̅̅ ̅̅ (𝐴𝑅 = 1) = 0.289𝑅𝑎0.214[𝑃𝑟/(1 + 𝑃𝑟)]0.017 
𝑥0 = 0.613 + 2.21/[1 + 𝑒𝑥𝑝{(10.43 − 𝑙𝑛𝑅𝑎)/0.42}] 
𝑦0 = −33.6 + 40.95/[1 + 𝑒𝑥𝑝{(−𝑙𝑛𝑅𝑎 − 4.658)/8.03}] 
𝑚0 = 0.767 + 1.917/[1 + 𝑒𝑥𝑝{(9.194 − 𝑙𝑛𝑅𝑎)/0.715}] 
𝑛0 = 0.04 + 0.69/{1 + [(𝑙𝑛𝑅𝑎 − 11)/0.644]
2} 
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Fig. 1. Schematic diagram of the simulation domain: (a) CWT, (b) CWHF boundary conditions. 
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Fig. 2. The variation of 𝑁𝑢̅̅ ̅̅  with 𝑅𝑎 for both CWT and CWHF boundary conditions at 𝑃𝑟 = 100 and 𝐴𝑅 = 0.5 for 
both Newtonian (i.e.𝐵𝑛 = 0) and Bingham (i.e.𝐵𝑛 = 0.02) fluids and the temperature isotherms for  𝑅𝑎𝑐𝑟𝑖𝑡  =
 3459 and 𝑅𝑎 =  3460 for Bingham (i.e.𝐵𝑛 = 0.02) fluid case for CWT boundary condition.  
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Fig. 3. The variations of  𝑅𝑎𝑐𝑟𝑖𝑡 with 𝐵𝑛 for different values of  𝑃𝑟 and 𝐴𝑅 for both CWT and CWHF boundary 
conditions. 
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Fig. 4. The variation 𝑅𝑎𝑐𝑟𝑖𝑡 with 𝑃𝑟 at different values of 𝐵𝑛 and 𝐴𝑅 for both CWT and CWHF boundary 
conditions. 
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Fig. 5. The variation 𝑅𝑎𝑐𝑟𝑖𝑡 with 𝐴𝑅 at different values of 𝐵𝑛 and 𝑃𝑟 for both CWT and CWHF boundary 
conditions. 
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Fig. 6. The variation of 𝑅 = (𝑅𝑎𝑐𝑟𝑖𝑡 − (𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0) /(𝑅𝑎𝑐𝑟𝑖𝑡
0.25(𝑅𝑎𝑐𝑟𝑖𝑡)𝐵𝑛=0
0.5
) with 𝐵 = 𝐵𝑛𝑎𝑃𝑟𝑏𝐴𝑅𝑐 for different 
values of  𝐵𝑛, 𝑃𝑟 and 𝐴𝑅 on log-log plot for both CWT and CWHF boundary conditions. 
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